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A WJ-Theory of Elliptic and Parabolic Partial Differential 

Systems in C^ domains 
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Abstract 

In this paper second-order elliptic and parabolic partial differential systems are considered 
on C^ domains. Existence and uniqueness results are obtained in terms of Sobolev spaces with 
weights so that we allow the derivatives of the solutions to blow up near the boundary. The 
coefficients of the systems are allowed to substantially oscillate or blow up near the boundary. 
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?H ; 1 Introduction 

In this article we are dealing with the Sobolev space theory of second-order parabolic and elliptic 
^ . systems : 

^: u'l = atul.^,+blX..+CkrU^ + f, t>0,xeO (1.1) 

^: atu:.,,+blX,.+c,r-u^- + f^O, xeO, (1.2) 

j^ I where O is a C^ domain in W^, i,j~l,2,...,d and k,r ^ 1,2, ... ,di. We used summation notation 

f^ I on repeated indices i,j,r. 

Since the boundary is not supposed to be regular enough, we have to look for solutions in 

function spaces with weights, allowing derivatives of our solutions to blow up near the boundary. In 

rS ' the framework of Holder space such setting leads to investigating so-called intermediate (or interior) 

H ' 
C^ ' Schauder estimates, which originated in [2]. For results about these estimates the reader is referred 

to H], [4|, [5] (elliptic case) and [3|, [T5| (parabolic case). 

Various Sobolev spaces with weights and their applications to partial differential equations have 
been investigated since long ago; we do not want even to try to collect all relevant references (some 
of them can be found in [!,). The reader can find a part of references related to the subject of this 
article in the papers [8], [11] and [16], the results of which are extensively used in what follows. 

The main source of our interest in the Sobolev space theory of systems (jl.ip and (jl.2p comes 
from [8], [11], [12] and [16], where weighted Sobolev space theory is constructed for single equations. 
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The goal of this article is to extend the results for single equations in [5], [TT], [T2] and (TB] to the 
case of the systems. We prove the uniqueness and existence results of systems (jl.l[) and (|1.2p in 
weighted Sobolev spaces under minimal regularity conditions on the coefficients. As in the articles 
referred above, our coefficients a^!^ are allowed to substantially oscillate near the boundary, and the 
coefficients b\^,Ckr are allowed to be unbounded and blow up near the boundary. For instance, if 
d = (ii = 1 and O = (0, cxd), then we allow a -.^ a\l to behave near a; = like 2 + cos | lna;|", where 
a G (0, 1) (see Remark 1X7)) . 

However, unlike in those articles, we were able to obtain only L2-estimates, instead of Lp- 
estimates. This is due to the difficulty caused by considering systems instead of single equations. 
For Lp-theory, p > 2, one must overcome tremendous mathematical difficulties rising in the general 
settings; one of the main difficulties in the case p > 2 is that the arguments we are using in the 
proofs of Lemma 14.31 and Lemma 14.41 below are not working when p > 2 since in this case we get 
extra terms which we simply can not control. 

The organization of the article is as follows. Section [2] handles the Cauchy problem. In section |3] 
we present our main results, Theorem l3 . 101 and Theorem lS.llI In section|4]we develop some auxiliary 
results. Theorem 13. 101 and Theorem 13.111 are proved in section [5] and section IH respectively. 

As usual Mf^ stands for the Euclidean space of points x = {x^, ...,x'^), Br{x) = {y E M."^ : 
\x - y\ < r}, Br = Br{0), M^ = {x £ R'^ : x^ > 0}. For i = l,...,d, multi-indices a = (ai, ...,ad), 
Ui e {0, 1, 2, ...}, and functions u{x) we set 

u,^ = -g^ = D,u, D'^u^Dl^ ■...■D'^/u, |a| =«! + ... + ad. 
If we write c = c(- • • ), this means that the constant c depends only on what are in parenthesis. 

2 The system on W^ 

First we introduce some solvability results of linear systems defined on R*^. These results will be 
used later for systems defined on the half space and bounded C^ domains. 

Let C^ = Ccf(M'';R'^i) denote the set of all R'^i-valued infinitely differentiable functions with 
compact support in W^. By 2? we denote the space of R'^-valued distributions on C^; precisely, for 
u G D and <f> G C^ we define (u, (/>) G R'' with components (u, 0)'^ = (u*^, (j)''), k = I, . . . ,di. Each 
m'^ is a usual R- valued distribution defined on C°°(R'*;R). 

We define Lp = Lp(R'*;R'^i) as the space of all R''^ -valued functions u = {u^, . . . , u'^'^) satisfying 



J2\\u''\\i<^. 



fc=i 



Let p G [2,oo) and 7 G (—00,00). We define the space of Bcssel potential H^ = H^{M.'^;M.''''^) as the 
space of all distributions u such that (1 — A)"/^u G Lp where we define each component by 

((1 - A)'</^u)''- == (1 - A)'</'^u'' 



and the norm is given by 

\\u\\Hy.= \\{i-Ar/ML,. 

Then, iJJ is a Banach space with the given norm and C^ is dense in iJJ. Note that iJJ are usual 
Sobolev spaces for 7 ~ 0,1,2,.... It is well known that the first order differentiation operators, 
9j : H^{R'^; R) -> Hp^iR"^; M) given by u -> u^, (i = 1, 2, . . . , d), are bounded. On the other hand, 
for u £ H^{R''-; R), if supp {u) C (a, b) x R''-^^ with -cx) < a <b < 00, we have 

II "II //;(«<*;») < cKa,&)||M^i||^7-i(Rd.R) (2.1) 

(see, for instance. Remark 1.13 in jll|). 
For a fixed time T, we define 

H^(r) := Lp{{0,T],H;), Lp(T) := H°(T) 

with the norm given by 

Finally, we set U'^ = H^~^'^ . 

Definition 2.1. For a P- valued function u G H^+2(r), we write u e n],+'^{T) Hue MJ+'^{T), 
u{0, •) e ly^^ and there exists / e IHI^(r) such that, for any e C,^, the equality 

(M(t, ■), 0) = ("(0, ■), 0) + / (/(s, •), <^)ds (2.2) 

Jo 

holds for all t <T. In this case, we say that Ut — f in the sense of distributions. 
The norm in H^^'^{T) is defined by 

\Mh],+\t) = II"IIh;+^t) + ht\\n;{T) + \\u{0)\\jjy+2. 
For any di x di matrix C = {ckr) we let 



\C\:^ jY^^Ckr) 



Set A^^ = [aj!^). Throughout the article we assume the following. 

Assumption 2.2. There exist constants 6,K^,L > so that 
(i) 

6\e < er^'-''o (2.3) 

holds for any t, x, where ^ is any (real) di x d matrix, ^t is the ith column of ^, and again the 
summations on i, j are understood. 

(ii) 

\A^^<K3, j = l,2,...,d. (2.4) 



Before we study system p.ip , we consider the folfowing system of equations with constant coef- 
ficients: 

"t=4<...+/', ^\0) = < (2.5) 

where i, j = 1, 2, • • ■ ,d and fc, r = 1, 2, • ■ • , di; recall that we are using summation notation on i, j, r. 
The following L2-theory (even ip-theory) is not new and can be found, for instance, in [14] . 
However we give a short and independent proof for the sake of completeness. 

Theorem 2.3. Let a^^ = ^.kri^)' independent of x. Then for any f £ H2 (T) and uo G U] , system 
112. 5\) has a unique solution u S "^2 {T), and for this solution 

WuxxWn-^^iT) < c||/||hJ(t) + c||uo||j/T+2, (2.6) 

2(T) < Ce'^^dl/llHjm + ll"0||,7T + 2), 



|u||m+^m ^ ce'^^dl/llH^m + IIwoILt+s), (2.7) 



where c = c{d,di,j,6,K^). 

Proof. By Theorem 5.1 in [lOj . for each fc, the equation 

u^' = 5Au'= + /'=, u'=(0) = 4' 
has a solution u^ G H^+^(T). For A £ [0, 1] define A^^ := (1 - A)yl*^ + 5,^X51. Then 

with any di x d-matrix ^. Thus having the method of continuity in mind, we only prove that (j2.6p 
and (|2.7p hold given that a solution m already exists. 

Step 1. Assume 7 = 0. Applying the chain rule dju'^p = 2u''du'^ for each fc. 



KWI =Kr+/ 2Kna;;'X...+r)rf^, t>0. (2.8) 

Jo 

By integrating with respect to x and using integrating by parts, 



\u{t)\'^dx + 2 / y^^{u^^)*A'^u^jdxds 
Jo •'R''~' 

luol'^dx + / / 2u*fdxds. 

Jo Jr'' 



(2.9) 



Hence, it follows that 



\u{t)\^dx + 2S I I \u.^\^dxds 
Jo Jw^ 

< I \uo\^dx+ I I \u\^dxds+ I I Ifl^dxds. (2.10) 



Similarly, for v = u^r^ with any n = 1,2, . . . ,d, we get (see (|2.9p ) 



\v{t)\'^dx + 25 I / lu^pdccds 
r* 

|2, 



< / \{ua)xA dx+ / / ~2v*„fdxds 

Jr'' Jo Jk'' 

< ||«oftr|+£|l".xllL(*)+c||/|lLw (2-11) 

Choosing small e and considering all n, we have (|2.6I) . Now, (|2.1ip . (I2.10p and Gronwall's inequality 
easily lead to (|2.7p . 

Step 2. Let 7 7^ 0. The results of this case easily follow from the fact that (1 — A)^/^ : iJ-J -> 
H^^f^ is an isometry for any 7, /i G M when p G (1, 00); indeed, u G "^2 (^) i^ ^ solution of (|2.5p if 
and only if u := (1 - A)^/^^ G "H^T) is a solution of ([23]) with (1 - A^/'^f, (1 - A)''/'^uo in place 
of /, uo respectively. Moreover, for instance, 

IklUr^T) - IIHlHi(T) < ce-^^ (ll(l - A)^/V||l.(t) + 11(1 - Ar^'uoWu^) 

= ce""^ (|I/IIh3(t) + ll^io||[/7+2 j . 
The theorem is proved. 

D 

Theorem 12. 31 is extended to the systems with variable coefficients in the foUowings. 

Fix fj. > 0. For 7 G R define I7I+ = I7I if I7I = 0, 1, 2, • • • and I7I+ = I7I + /i otherwise. Also 

define 

{B(R) : 7 = 

Cl^l-i^i(R) : |7| = 1,2,... 

Cl''l+^(R) : otherwise, 

where B is the space of bounded functions, and C'l'*'!"^'^ and C^i\+^^ are usual Holder spaces. 
Consider the system with variable coefficients: 

u1^atul.^,+bl,u:.+CkrU^ + f-, ^i^■(0)-"g• (2-12) 

Theorem 2.4. Assume that the coefficients a^^ are uniformly continuous in x, that is, for any 
e > there exists S = d{e) > so that for any t > 0, i,j, k, r, 

l«fcr(*'2;) -a)f^(i,2/)| < e, if \x ~ y\ < S. 

Also, assume for any t > 0, i,j, k, r, 

|afcr(^'-)l|7l+ + I^I-r(^>^:-)l|7l+ + |Cfer (w, t, •) I I7I+ < i- 

Then for any f G H2(r) and Uq G U2 , system \2.12\) has a unique solution u G TLj {T), and for 
this solution we have 

where c = c(d, di,^,6, K^, L). 



Proof. This is an easy extension of Theorem l2.3l and can be proved by repeating the proof of Theorem 
5.1 in [T^, where the theorem is proved when di ~ 1. We leave the details to the reader. D 

3 The system on C C R^ 

Assumption 3.1. The domain O is of class C^. In other words, for any xq G dO, there exist 
constants ro, Kq € (0, oo) and a one-to-one continuously differentiable mapping ^ of Br„{xo) onto a 
domain J C K'^ such that 

(i) J+ := *(B,-o(.To) n O) C Rf and ^(xo) = 0; 

(ii) ^'{Br„{xo)ndO) = Jn{y e R"* : yi = 0}; 

(iii) ||*||ci(s.„(xo)) < Ko and I^^Hiyi) - *"H2/2)| < A'o|yi -1/2I for any y, G J; 

(iv) ^i^ is uniformly continuous in for Br(,{xo). 

To proceed further we introduce some well known results from [3] and [5] (also, see [13] for 
details). 

Lemma 3.2. Let the domain O be of class C^. Then 

(i) there is a bounded real-valued function tJj defined in O such that the functions ijj{x) and 
p{x) := dist{x,dO) are comparable in the part of a neighborhood of dO lying in O. In other words, 
if p{x) is sufficiently small, say p(x) < 1, then N^^p{x) < ip{x) < Np(x) with some constant N 
independent of x, 

(ii) for any multi-index a, 

sup^l"'(x)|D"V:r(a;)| < 00. (3.1) 

o 

To describe the assumptions of / we use the Banach spaces introduced in [5] and [in]- Let 

C & C(j"(R+) be a function satisfying 

00 
Y^ C(e"+'') > c> 0, Va: e R, (3.2) 

n— — 00 

where c is a constant. Note that any nonnegative function C, ^ > on [l,e], satisfies (|3.2[) . For 
a; e O and n e Z = {0, ±1, ...} define 

C„(x) = ((eXx)). 

Then we have X^n Cn ^ c in O and 

C„ e Co°°(0), \D^Cnix)\ < iV(m)e"". 

For 0, 7 e R, let H^ g{0) be the set of all distributions u= {u^,u^,- ■ ■ u'^^ ) on O such that 

ll"ll^,(0) :=E^"'llC-"(e"-)^(e"-)ll^. <oo. (3.3) 



It is known (see, for instance, [16] ) that up to equivalent norms the space H^ g{0) is independent 
of the choice of (^ and tp. Moreover if 7 = n is a non- negative integer then 

n « 

ll^ll^,(o)^E E / l^'^"«(^)lV-''(^)dx. (3.4) 

"'" k=a\a\=k-'^ 

Denote p{x, y) — p{x) A p{y) and ^{x, y) — tp{x) A ■0(2/)- For n e Z, p e (0, 1] and fc = 0, 1, 2, ..., 

define 

I I ^ M r 1 |M(a;) ~ u{y)\ 

\u\c = sup\uix)\, Mc^-gP |^,^|, ■ 

Mi"^ = Ni"^ = sup ^'^+-ix)\D^u{x)\, (3.5) 

|/3|=fe 

Mit = Mit,a = sup 0--"(.,.)^^^t^^^, (3.6) 



,(») _ u,,(") _ ^m(") \ut2.. = kill, .0 - kill + kl^"^ 






In case O = R+, we also define the norm |u||."'* = |m|1 r by using p{x){= x^) and p{x) A p{y) in 
place of ip{x) and il}{x,y) respectively in p.Sp and p.6p . 

Below we collect some other properties of spaces H^g{0). 

Lemma 3.3. (|77]) Letd-l<e<d-l+p. 

(i) Assume that ^ ~ dj-p ^ m + iy for some m = 0,1, ■ ■ ■ and v G (0, 1]. Then for any u G H'l q(G) 
and i G {0, 1, • • • , nn} , we have 

|^^+s/P^Vi|c + [^r+^+"^D'"^u]c^ < clkll^.^(o). 
(tt) Let aeR, then V^^i^pl+apl^) = H^eiO), 

h\\H;,iO) < c|I^"""IIh-«+„^(o) < c||m||^,^(o). 
(in) There is a constant c — c{d,p,j,9) so that 

hf\\H;,{o) <c|a|["[^|/|ff;^(o). 
(iv) ipD,Dip : H'l g{0) -^ H^ e i^) '^'"^ bounded linear operators, and 

Mh;,{o) < c||"llff^-_-i(o) +c||Vi^u||^.-i(^) < c||ii||H;^(o), 



Denote 



Mlg{O,T) = L.p{[0,T],Hlg{O)), LpAO,T)^m%{0,T) 



Definition 3.4. We write u e S)l+^{0,T) if m = (w^, • • • ,u''i) e VH;j+^(0,r), m(0, •) £ 1/^+^(0) 
and for some / G '(/'^^H'^ g(0,r), it holds that ut — f in the sense of distributions. The norm in 
^^+^(0,T) is introduced by 

lklli-,^+/(o,T) = IIV^'^uIIh^+Zcct) + IIMIIh^_,(o,t) + l|w(0, Ollc/j+^co)- 
The following result is due to N.V.Krylov (see [9] and [6]). 
Lemma 3.5. Let p > 2. Then there exists a constant c ~ c(d^p,9,^,T) such that 

sup \\u{t)\\^-,+l,^. < C\\u\\ -,+2,^ y 

In particular, for any t < T, 



Assumption 3.6. (i) The functions aj^^(i, •) are point- wise continuous in O, that is, for any e > 
0,x € O there exists S = S{e, x) so that 

\aZit,x)-a^^{t,y)\ <e 

whenever y ^ O and |a; — j/| < S. 

(ii) There is control on the behavior of a'j^^, 6^^, and c^^ near dO, namely, 

lim sup sup|a)f^(t, x) - a'/,.(<,y)| = 0. (3.7) 

x^O \x~y\<p{x,y) 

lim snp[pix)\bUt,x)\+p''ix)\ckrit,x)\]^0. (3.8) 

p{x)-iO t 

xeo 



(iii) For any t > 0, 



l«Ii(i, ■)\\'l + \blrit, ■)\\',l + \Ckrit, ■)\\'^l < L. 



Remark 3.7. It is easy to see that p.7p is much weaker than uniform continuity condition. For 
instance, if (5 e (0, 1), d = di = 1, and O = IR+, then the function a{x) equal to 2 + sin(| Inxj'') for 

< X < 1/2 satisfies (|3.7p . Indeed, ii x,y > and |a; — y| < x Ay, then 

\aix)-aiy)\^\x-y\\a'{Ol 

where ^ lies between x and y. In addition, \x — y\ < x A y < (, < 2{x A y), and C|a'(^)| < 

1 ln[2(a; A y)]\^-'^ -)■ a.s x Ay -^ 0. 

Also observe that p.8|) allows the coefficients &^^ and Ckr to blow up near the boundary at a 
certain rate. 



Now, for each i,j, we define the symmetric part (S**^) and the diagonal part (S'J') of A^^ as 
follows: 

Also define 

Assume there exist constants a, a, /3i, • • • , P^ G [0, oo) so that 

\H^'\<I3' Vj = f,2,...,d, |5„"|<a, (3.9) 

^S:^^, < d\e, (3.10) 

for any (real) di x d matrix ^. Here ^i is the ith column of S,, and again the summations on i,j are 
understood. Denote 



K:=JY.{K^r, /3= /^(/3.)= 



Assumption 3.8. One of the following four conditions is satisfied: 

d e {d-l,d], 2d{d + I - df - 2{d + 1 - d){d - e)P - Aid - e){d + 1 - 9)K^ > 0; (3.12) 

eeid-l,d], (S ^ a) - j^^^j^{26 ~ 13 - 2a) > 0; (3.13) 

ee[d,d+l), 8{d+l-0)S^ -{d-d)l3^ >0. (3.14) 

Remark 3.9. (i) If A^^ are symmetric, i.e., f3 = 0, then p.l2p combined with p.l4p is 6 <E (d ~ 
2K^-s ^^ "^ ^^ which is weaker than p. lip . 

(ii) If A^^ arc diagonal matrices, that is if a = /3* = 0, then p.l2p combined with (|3.14l) is 
9 ^ (d — 1, d + 1). This is the case when the system is not correlated. 



(iii) We also mention that if^ ^ (d— l,(i+l) then Theorem 13.101 is false even for the heat 
equation Uj = Am + / (see (11)). 

Here are the main results of this article. The proofs of the theorems will be given in section [5] 



and section [S] after we develop some auxiliary results on Ml in section SI 



Theorem 3.10. Let^ > and O be bounded. Also let Assumvtions \2.2l\3.1l\3.6] and\3.8\hold. Then 
for any f G ip~^M2 g{0,T), Uq G U2 g (O), system i2.12]) admits a unique solution u e i^j e (^'^): 
and for this solution 

II^~^"IIhj+^(g,t) ^ ce'^^ \\\^f\\ml,{o,T) + \\M\u-'+\o)) > (3-15) 

where c — c{d, S, 0, K, L). 



Theorem 3.11. Let 7 > and O be bounded. Assume o-kr ^ ^kr ^ '^kr CLfe independent oft and 
A*^ are sufficiently large constants (actually, any constants bigger than c from i3.15\) ). Under the 
assumptions of Theorem \3.10[ for any f G i/j^^H^ g{0) there is a unique u G ipH^g (O) such that 
in O, 

4r<^xo + Kr<^ + CfcrW" - A'^u'^ + f'' = 0. (3.16) 

Furthermore, 

U~'u\\H?,y-io)<NUf\\Hl,iO), (3.17) 

where the constant N is independent of f . 

Remark 3.12. Actually Theorem 13.101 and Theorem 13 . 1 II hold even for 7 < 0. Using results for the 
case 7 > 0, repeat the arguments in the proof of Theorem 2.10 in [8], where the theorems are proved 
when di = I. We leave the details to the reader. Also by inspecting the proofs carefully one can 
check that the above two theorems hold true even if O is not bounded. 

4 Auxiliary results: some results on M^ 

In this section we develop some results for the systems defined on W^- Here we use the Banach 
spaces H^ g, H^ g{T) and SjJ, g{T) defined on R^. They are defined on the basis of (|3.3|) by formally 
taking 'ip{x) = x^, so that C_„(e"a;) = C(a;) and 

Mh^ :=5]e"«h(e".)C(-)ll^<oo. 

nGZ 

Observe that the spaces _ffj'g(R'[) and H^ g are different since ip is bounded. Actually for any 
nonncgative function ^ — (,{x^) G (7,5" (R^) so that £, = 1 near x"'^ = we have 

ll"lli/-,(K^) - {U^Whi, + 11(1 - Ou\\h-) ■ (4.1) 

Also, it is known (see [11]) that for any ?y G C,!f (R^), 



^ e"1u(e".)r;|i^. < c ^ e"''||«(e".)C||^., (4.2) 



n— — oo n— — oo 



where c depends only on d, di, 7, ^,p, 77, (. Furthermore, if 7 = n is a nonncgative integer then (see 

dH) 

n „ 

ll^ll^ ^EE/ \i''D-u{x)\Pixy-''ix)dx. (4.3) 



k=0\a\=k'"^+ 

Let M" be the operator of multiplying (x^)" and M ~ M^. 



Lemma 4.1. The assertions (i)-(iv) in Lemma \3.3\ hold true if one formally replaces H^g{0) and 
ip by H^ g and M , respectively. 

We need the following three lemmas to prove the main result of this section. 

10 



Lemma 4.2. Let aj!^ = aj!^{t), independent of x. Assume that f e M ^^sS^ g{T)^u{0) G U^q and 
u G AfH^y (T) is a solution of system ^K^ on [0, T] x R+, then u G A/H^+^(T) and 

P'^"'"IIhj+=(t) < c||A/"'w|Ihj+1(t) +c||M/IIhj,(t) +c||u(0)||j,-,+2, (4.4) 

where c = c{d,di,"f,6,5, K, L). 
Proof By Lemma [iH and ^^, 

n 
n 

< c^ e-^IK^le^-t, e"x)C(x)),i,i ||^j(,-.„j,). 

n 

Denote 

z;„(i,x) = u{e'-t,e-x)ax), a^l,^.{t) = aE.(e2"t). 

Then since ij„ has compact support in M'j^, i;„ is in Hj (e~'^"r) and satisfies 

(^n)t = <fcrK)---^- + /n: <%x) = C(a;)4(e"a.), 
where 

By Theorem [231 u„ is in e]+^(e"2ny) j^^^,^ 

||K)^a.|lH3(e-2"T) < c(d,C?l,7,'5,-f'^,-f')(ll/n|lHJ(e-2"T) + IIC(a;)MO (e"x) ||^-,+2 )■ 

Thus by (|4?2)) and Lemma l4Tl 

n 
n n 

n n 

The lemma is proved. D 

It follows from the above lemma that if 7 > 0, then 

||M"^it|lnj+2(T) < c|IA/"^u|[l2,.(T) + c\\M f\\jq^(T) +c\\uq\\jj-^+2. 
Thus to get a priori estimate, we only need to estimate || A/~^w||]l, ^(y) in terms of / and uq. 

11 



Lemma 4.3. Let a^^ = a^f^Ci), independent of x. Assume 



e d 



2K - 5 2K + 5 



(4.5) 



and u e Mm\f){T) is a solution of ^EM so that u e C([0,r], C^((l/iV,iV) x {x' : \x'\ < N})) for 
some N > 0. Then we have 

\\M-\\\l^^r) < co(||M/|lL,a(T) + holPyiJ, (4.6) 

where cq ~ c^{d, S, 0, K, L). 
Proof. As in the proof of Thcorcm l2.3[ applying the chain rule d\u^\^ = 2u^du^ for each fc, we have 

\u\t)\'' = |4p + f2u\atu:.,,+f'^)ds 
Jo 

where the summations on i,j,r are understood. Denote c = 9 — d. For each k, we have 
< / \u''iT,x)\^{x^ydx 

\u''{0,x)\^{x^ydx 
+2 f f alu^ul.^,{x^fdxds + 2[ f {Ar^v!'){M f^){x^Ydxds. 

Jo JR'l Jo JR^ 

Note that, by integration by parts, the second term in (|4.7p is 



-fc.".-.. -2c(afc>;.)(A^"^ ) (x'ydxds 



(4.7) 



(4.8) 



< 



^-2aZu^^.ul,{x'ydxds + \c\(^K\\u,\\l^^^.r^+K^K '\\M 'ii||L,.«(T)) 



for each k > 0, because for any vectors v,w G M" and k > 0, 

<A^^v,w> I < \A^'v\\w\ <K'\v\\w\ < -{k\v\^ + K-\K^f\w\^). 
By summing up the terms in (|4.7p over k and rearranging the terms, we get 



u*i^'-'u2,j {x ydxds 



+ cie)\\Mf\\l^^^^ + \\uiO)\\l, 



L...(T);+e||A/ 'ullL,.(r) 



(4.9) 
(4.10) 



where K,e > will be decided below. Assumption I2.2( i) . inequality (j4.10p and the inequality 

4 „ „. 



\M-'u 



l„,l|2 



< 



(d + i-e) 



2 Il"a:|li2,e 



(4.11) 
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(see Corollary 6.2 in [TT]) lead us to 

,„, — \r\ I K 4- 

K{d+1 -9) 



4^2 

'^Hu^WL^m -\c\(k+ _ ) |k.||L,,e(T) 



|2 



Now it is enough to take k = 2K/{d+ 1 — 6) and observe that ()4.5p is equivalent to the condition 



K(rf + i-6i)2y d + i 



2^ - l*^! ( '* + .... , . .^2 ) = 2-5 - , ,';' . > 0. 



Choosing a small e = £((i, (5, 6*, K, L), the lemma is proved. D 

Lemma 4.4. Let a^^^ = a^:'r(i)- Suppose either 

ee{d-l,d], 25{d+l-6f-2{d+l-0){d-e)l3-4{d~e)(d+l-e)K^>O (4.12) 



0e(d-l,d], (<5-«)^-ii-^(2<5-/3-2a)>0; (4.13) 

[d+l - &) 

or 

9e[d,d+l), 8{d+l-0)5'^ -{9-d)l3'^ >0. (4.14) 

Let u e MH^ g(T) be a solution of ^EM so that u £ C([0,r], C^((l/iV,iV) x {x' : |a;'| < N])) for 
some N > 0. Then the assertion of Lemma\4.3\ holds. 



Proof 1. Denote S^^ = {s]l) = ^{A^^ + (A^^)*) as the symmetric part of A^^ . Then A'^^ = 
S^^ + ii?!^ and for any ^ G M"^! we notice that ^*A^^^ == ^5^^^. Let c :^ 6 - d. Note that, by 
integration by parts, 

u*S^^u^i{x^y-^dx^-'—^f u*S^^u{x^y-'^dx^-'—^f u*A^^u{x^y-'^dx 

and hence 

-2c I u*A^^u^i{x^Y-^dx = -2c j u*S^^u^iix^y-^dx-c f u*H^^u^i{x^y-^dx 

= c(c-l)/" u*A^^u{x^y~^dx-c f u*H^\^i{x^y-^dx. 

Moreover, another usage of integration by parts gives us 

u*S^^u^,{x^y~^dx^- [ ul,S^^u{x^y-^dx^- f u*{S^^yu^j{x^y-^dx 

for j / 1, meaning that J^d u*S^^u^j{x^y^^dx — and 

-2c f u*A^iu^,{x^y-^dx = -c I u*H^^u^j{x^y-^dx. 
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We gather the above terms to get 



2c/ {a]^X^,)u''{x^Y-^dx^c{c^l) I u*A^\{x^y-^dx-c I u*H^^u^,{x^y-^dx, 



R| 



where the summation on j includes j — 1. 

Now, as in the proof of Lemma l473l we have 



2<5||u.f 



< 2 







L2,o(T) 



ul.iA^-' Uj.j {x ydxds 



+ 



< I \u''{0,x)\'x''dx 



+ c(c-l) 



a\}^{M-'u''){M-'u'){x'Ydxds-c / {h'^lul,){Kr'u''){x'Ydxds 



-,'^K,r 



{M-'u^YMfYx'ydxds. 



(4.15) 



Note that the first and last terms in the right hand side of (|4.15p are bounded by 

ep-^"'"lll..(T) + c{e)\\Mf\\l^^T^ + Wumg,^. 
2. If c{c - 1) > 0, hence e {d-l,d], then 

c(c-l)/" f al}^{lvr^u^){M'^vJ^){x^Ydxds 

Jo JTS.'l 



Also, 



ihl^,K,)iM-'u''){x'ydxds 



< 



4/32 



U.e{T) 



- 2"^"r+-.(d+i-0)2 



h^WL.eiT) 



for any k > 0. To minimize this we take k ~ 2/3/ (d +1 — 6), then 



,^K,^ . 



-c / / (.Kiul,){M''u''){x'ydxds 



< 



2/3{d-0) 



hAl 



(d + i-0)" ""i^-.''^^)- 



(4.16) 



Thus we deduce 
2/3(d- 



2^- (fpT^i) - (d + l-ey '^'-^^^J ll"^ll'-(^) ^ ^^ll--lll,a(T)+c(e)||Af/||^,,(^) + ||z.(0)f^. 
This and (|4.1ip yield a priori (|4.6p , since (|4.12p is equivalent to 



26 



2p{d-~e) 4 

{d+l-O) ^ [d + l 



-c{c - l)/\ 1 > 0. 
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3. Again assume c(c - 1) > 0. By (|il^ and dHH]), 



<4Sd' +So')u,. {x^fdxds 

d \ / 



< 



\u''(Q,x)\'^x''dx 



+ c{c-l) / {sl],, + sl\,){M-'u''){M'^un{x'rdxds 

Jo JR'l 



By Corollary 6.2 of [11], for each i, 

c(c- 1) j s\]k^{M-^u^){M-^u'-){:x^Y dx < 
By assumptions, 



4(d- 



(d + 1 - 6 
2 / uJ.S'^^M^r^ {x^fdx <2a [ \u^\'^ {x^)" dx 



l.S'^u,,{x^rdx. 



c(c-l)/ s'Q\^\M-'u''\\M-'u'\{x'Ydx < ac(c-l)/ |M-^u|^(a;^)'= da; 



< 



4«(d-0) / ,^, ,2^ 1^, 



(d + 1 - 



|u,|^(x^)'=dx. 



It follows 



{5~a)~ jy^—^i^S ~p~2a) 



(d+1-0) 

This, (|4.13p and (|4.1ip lead to the a priori estimate 
4. If c{c - 1) < 0, hence 6* G [d, d + 1), then 



||Wx||L2,e(T) < £|1"^I1l2,«(T) +Cp^/llL,e(T) + ll"o|lLi, 



c(c-l) / / a\},.{M-'u''){A'r'u''){x'Ydxds<5c{c-l)\\M-'u\\i^,j,y^ 

for this we consider a di x d matrix consisting of M^^u as the first column and zeros for the rest, 
and apply the assumption 12.31 Next, as before, we have 



ih]^X,,)iM-^u'^){x'rdxds 



< 



\c (^II".||L,.{T) + «''/3'l|A^"'«llL,«(T)) 



and hence from (|4.15p it follows 



2<5hxiiL.,(T) - \c {^WuaLat) + ^-^p^w^MLat)) - Mc - mM-ML^T) 



< £ii".iiL,.(T) + +c(e)iiM/iiL,«(T) + Mmtiiy 

As we take 

/32 



(4.17) 



2(5(1 -c)' 



the terms with 1 1 A/ 



-1^112 



U.eiT) 
4i5(l-c) 



in the left hand side of (|4.17p are canceled. Now, (|4.14[) which is 



equivalent to 2S — ^^?^_^. > gives us a priori estimate (|4.6p . The lemma is proved. 



D 
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Theorem 4.5. Let j > and a^^ = a^^.{t). Assume that one of ^^, (T^ , |7^ and (J1J\ ) 
holds. Then for any f e AI^^M^ g{T) and uq G U^ g , system \2. 5\) admits a unique solution 
u S ^2 l^); and for this solution 

II^^"'^IIh2+/(t) < c||A^/1IhJ_,(T) + c||uo|!j,.+2, (4.18) 

where c — c{d, S, 6, A', L). 
Proof. 1. By Theorem 3.3 in [12], for each k, the equation 

uf = 5Au''' + /'=, u'=(0) = 4 

has a solution u'"' e j^j e (-^)- ^^ ^^ ^'^'^ proof of Theorem 12.31 wc only need to show that estimate 
(|4.18p holds given that a solution already exists. 

2. By Theorem 2.9 in [12], for any nonnegative integer n > 7 + 2, the set 

00 
^2AT)n U C([0,T],Co"((l/iV,iV) X {x' : \x'\ < N})) 

N=l 

is everywhere dense in Sj^ g (T) and we may assume that u is sufficiently smooth in x and vanishes 
near the boundary. Thus a priori estimate (|4.18p follows from Lemma 14.21 Lemma 14.31 and Lemma 
14.41 The theorem is proved. 

D 

Here is the main result of this section. 

Theorem 4.6. Let 7 > and Assumvtion \3.8\ hold. As.sume that for each t 

and 

|a^^(i,x) - ai^{t,y)\ + \Mhl.^{t,x)\ + \M'^Ckr{t.x)\ < k 

for all x,y & M^ with \x — y\ < x^ Ay^ . Then there exists kq = Ko{d, 9, 6, K, L) so that if n < kq, then 
for any f G AI^^M^ g{T), and uq G C/^g , system 112.12]) admits a unique solution u G ^29 C^)' 
and furthermore 

||"||p,T+2(j,) < c||A//||hj^^(t) + 4uo\\u;'+/ (4-19) 

where c = c{d, di,S,9, K, L) . 

To prove Theorem 14.61 we use the following lemmas taken from [8]. 

Lemma 4.7. Let constants C,S £ (0,oo), a function u G H^g, and q be the smallest integer such 
that I7I +2 < q. 

(i) Let ?y„ G C°°(R^), n = 1, 2, ..., satisfy 

^M\°'\\D°'rin\<C in M^ (4.20) 
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for any multi-index a such that < |a| < q. Then 

•^ — ' p,e p.e 

n 

where the constant N is independent of u, 6, and C . 
(ii) If in addition to the condition in (i) 



Y.rjl>6 on Rt, (4.21) 



then 



Ml. <NY,UMfH^ , (4.22) 

n 

where the constant N is independent of u and 9. 

The reason the first inequahty in (|4.23p below is written for r]^ (not for 77^) as in the above lemma 
is to have the possibility to apply Lemma [4.71 to 77^^. Also observe that obviously J2'^^ — (S kl)^- 

Lemma 4.8. For each e > and q = 1,2,... there exist non-negative functions rjn G C'5"(]R!^), 
n = 1, 2, ... such that (i) on W\_ for each multi-index a with \ < \a\ < q we have 

E^n>l' Y.'^n<N{d), $]MH|7^"^„|<e; (4.23) 

n n n 

(ii) for any n and x,y £ supp77„ we have \x — y\ < N{x^ A y^), where N = N{d,q,e) G [1, oo). 

Lemma 4.9. Let p G (1, oo), 7, £ M. Then there exists a constant N — N{'-f, |7| + ,p, d) such that 
if f E H^ g o.i^d a is a function with finite norm \a\. * ^ , then 



l(O)* 



hfllHl, < ma\Z,,Af\\H;y (4.24) 



In addition, 

(i) if^^ 0,1,2,..., then 

||a/||ffT < iV sup |a| 11/11^0 +iVo||/||^.-i sup sup |Ml"li?"a|, (4.25) 

where Nq = 1/7 = 0, and Nq = N^^'j^d) > otherwise, 
(ii) if 7 is not integer, then 

hfUl, < Nisup\a\ri\aQy-^\fUi^, (4.26) 

where s := 1 — -r-r- > 0. 

|7| + 



Proof of Theorem [ 

We closely follow the proof of Theorem 2.16 of [7]. As usual, for simplicity, we assume uq = 0. 
Also having the method of continuity in mind, we convince ourselves that to prove the theorem 
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it suffices to show that there exist kq siieh that the a priori estimate (|4.19|) holds given that the 
solution already exists and k < kq. Wc divide the proof into two cases. This is because if 7 is an 
integer we use (|4.25p . and otherwise we use (|4.26p . 

Case 1: 7 = or 7 is not integer. Take the least integer 9 > I7I + 4. Also take an e S (0, 1) to 
be specified later and take a sequence of functions 77^, n = 1,2,..., from Lemma 14.81 corresponding 
to e, q. Then by Lemma 14.71 we have 



W<re'iT) < ^E ll^'^"'"^nllHj-(T)- (4-27) 

n=l 

For any n let a;„ be a point in supp77„ and a^^ kr(^) ~ o^kri^^^n)- From (j2.12p . we easily have 
where 

By Theorem 14.51 for each n, 

I|M~'w'7'|Ih2+^(t) ^ ^II/»I1h3,,(t) (4-28) 

and by (jiTMl) . 



a 



■ ^l^rWuMu^.,, IIh.^^ < Af|l77„AfM,,||H.^^ sup |(a^; - al^Mn]' , (4.29) 






where s = 1 if 7 = 0, and s = 1 — ^L > q otherwise. 

By Lemma I4.8f ii). for each n and x,y G supp77„ we have |x — j/| < N(£)(x^ A j/^), where 
iV(e) = N{d,q,e), and we can easily find not more than N{e) + 2 < 3A^(e) points Xi lying on the 
straight segment connecting x and y and including x and y, such that \xi — Xi+i\ < xj A xl_^_j^. It 
follows from our assumptions 

sup Ha]^^. - al^^.)rin\ < 3N{e)K. 

UJ,t.X 

We substitute this to (|4.29p and get 

\\{at-ak,rn)vlMul.^,\\ui^(^T) < A^iVle) Ac^ h^ A'/«.. ||hJ ,(T) • 
Similarly, 

WvlMblX.'Wml.iT) + |lr7'M'c,,Af-i«niHj,(T) < NN{e)K^\\rjr^u,\\ui^(^T) + \\VnM-'u\\ui^^T))- 
Coming back to (|4.28p and (j4.27p and using Lemma 14771 we conclude 
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+ NC' (h.||^.^(T) + P^"'«llHjy) + N\\Mf\g.y (4.30) 



where 



C = sup sup ^A/l"l(|i^"(A/(,y^)^)| + |i^"(A.f2(^2)^^)|)_ 

By construction, we have C < Ne. Furthermore (see, Lemma [4. ip 

\\uAh-'+' <N\\M-^u\\^-,+2, ||A/u,,||„. < N\\M-^u\\^-,+2. (4.31) 

2,0 2,8 2,y ^^2,6 

Hence (|i3(71) yields 

||M-i«||^,+.^^^ < iVi(iV(£)A.2^ +e2)||M-i«||^^^,^^^ +iV(||A//||^.^(^)). 

Finahy to get the a priori estimate, it's enough to choose first e and then kqi so that Ni{N{e)K^^ + 
e^) < 1/2 for K < Ka. 

Case 2: 7G{1,2,...}. Proceed as in Case 1 with e = 1 and arrive at (|4.28p which is 

\\M-Wr^.y^T)<^\\fr^\lAT)- 
Now we use (|4.25p to get 

From this point by following the arguments in case 1, one easily gets 

ll^-^"'"llHj+=(r) < ^i«P^"'«IIh2+^(t) + ^2p^"'"llH-vm + ^ll^^/llHj..m- (4.32) 

This and the embedding inequality 

\\M~\\\^j_y < ^jM-'u\\^.^y-+N{N2,j)\\M-'u\\Hi^ 
yield 

||M-i«||jj.+.(j,) < 2N,K\\M-'u\\^-,y^^^ + 7V||A/~i«||h2^(t) + N\\Mf\U.^^r)- (4.33) 

Now take kq is from Case 1 for 7 = 0, then it is enough to assume k < kq A l/(4A^i), because by the 
result of Case 1, 

The theorem is proved. 

5 Proof of Theorem [3Jl)] 

By Theorem 2.10 in 0, for each fc, f'' e ip-^Ml g{0,T) and wg e U]^^{0), the equation 
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has a unique solution u E ^28 (-^)' ^^"^ furthermore 

||V'^^m''IIhj+^(o,t) < c||V'/''||hJ^(o,T) +c||MoIIc/J+2(0)- 



Thus to prove the theorem we only need to prove that p.isp holds given that a solution u G 
^2 (^' ^) already exists. As usual we assume uo = 0. Let .tq G 90 and ^ be a function from 
Assumption 13.11 In [8] it is shown that ^ can be chosen in such a way that for any non-negative 
integer n 

l*^l!X(.o)no + l*."t°!/, < N{n) < 00 (5.1) 

and 

p{x)'i'xx{x) ^ as X e Bro{xo)nO,a.nd p{x) -^ 0, (5.2) 

where the constants N(n) and the convergence in (j5.2p are independent of a;o. 

Define r = ro/Kg and fix smooth functions 77 G C^{Br), (p G C°°(R) such that < r],ip < 1, and 
7] = 1 in Br/2, fit) = 1 for t < —3, and (/^(t) = for i > —1. Observe that '^{Brg{xa)) contains Br- 
For n = 1, 2, ..., t > 0, a; G R!^ introduce V3„(x) = Lp{n^^ hix"'^), 

a*^-"(t,a;) :=77(x)^„(x) I f^ a"^{t,'i'-\x)) ■ di^\^-\x)) ■ 8,^^^ {'i'-^x))] +6'^^ {l-Tj{x)^r.{x))I, 
y,m=i y 

&''"(t,x) := Tj{x)^n{x)[Y,a''"{t,^-\x)) ■ di,n^\^-\x)) +Y,b'{t,^~\x)) ■ di^\^-\x))\, 

l,m I 

cP{t,x) := r]{x)ipn{x)c{t,^-^ {x)). 

Then by Assumption I3.6( iii) and ()5.ip . one can show that there is a constant L' independent of n 
and xq such that 

|a*^-'"(t, Ol'f + IC(i> OI^V* + !<"(*' •)l7f ^ ^'- 

Take kq from Theorem 14.61 corresponding to d,di,9,S,K and L' . Observe that (pn{x) = for 
x^ > e~". Also (|5.2p implies a;^^2^j;(^^^(a;)) — ?> as x^ — >■ 0. Using these facts and Assumption 
I3.6f ii). one can find n > independent of xq such that 



\i^rit,x)-dt''it,y)\ + {x')\bl{t,x)\+x'\cUt,x)\ < «o, 

whenever i > 0, x, y G M+ and jx — j/| < x^ Ay^. Now we fix a po < ''0 such that 

*(Sp„(xo)) C B,/2 n {x : xi < e-3"}. 

Let C be a smooth function with support in Bpg(xQ) and denote v := {uQ{'^^^) and continue u 
as zero in R'^ \ ^(i?po(a;o))- Since r/(p„ = 1 on ^(i?p„(a;o)), the function v satisfies 
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where 

Next we observe that by Lemma [3.21 and Theorem 3.2 in [TB] (or see [5]) for any iy,a eM. and 
h e i}-°H!^g{0) with support in Bp^{xo) 

WrhlU^^iO) - \\M''hi^-')\\H-;^^. (5.3) 

Therefore we conchide that v G S^^g (T), and by Theorem 14.61 we have, for any t <T, 

||M-i«|U.+.(,)<iV||Af/||H2_^(,). 
By using (|5.3p again wc obtain 

llV'~^KIlHj+=^(0,t) ^ N\\aCxiJu4Ml^i0.t) + -N\\aCxxilJu\\nl^{o,t) 

+ iV||Cx#u||Hj_,(0,t) + ^^IICV'/llHj_,(0.t)- 

Next, we easily check that 

\CMt,-)\\°l, \(:xxMtr)\\°l, IC.#(i,-)l[l 
are bounded on [0,T], and conclude 

IIV'"^wCllH2+^(0,t) ^ ^IIV'":i;||Hj_,(C>,t) + ^llw|lHjg(0,t) + ^IIV'/IIhJ ,(0,t)- 

Finally, to estimate the norm ||'(/;~^u||jjt+2,„ ^^ we introduce a partition of unity C(j), i — 0,1,2, ..., M 
such that C(o) G ^'(^'(0) and Qj) G C§°{Bpg{xi)), Xi e 90 for i > 1. Observe that since wQo) has 
compact in O, we get 

IIV'"^K(0)llH2+=(O,t) ^ ll'"C(0)llH3+=(t)- 

Thus we can estimate ||''/'~^wC(o)IIh^+^('o t) using Theorcm l2.4l and the other norms as above. 
By summing up those estimates we get 

\\^~^'^Kl\-'{0.t) ^ ^\\^^oo\\mlg{0,t) + ^hllHj,(2,t) + ^IIV'/llHj^,(0,t)- 

Furthermore, we know that 
Therefore it follows 

|2 I A7"ll„;, -f l|2 






where Lemma 13.51 is used for the second inequality. Now p.l5p follows from Gronwall's inequality. 
The theorem is proved. 
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6 Proof of Theorem 13.111 

Again we only show that a priori estimate p.l7p holds given that a solution u G i^H^g (O) already 
exists. By p.ip it follows that i/i is a point- wise multiplier in H^ g{0) for any ly and p. Thus 

Mu^J\o) ■= \Mh-+'{o) ^ c(6i,7)||V'"^u||^^^+i(o)- (6.1) 

Note that v'' := u''e^ * satisfies 

^f = «^<... + &IX. + cfc.«'- + /V"*. 

By (|5J5l) and (I5TD . 

where 

9i{T) ^ ( r e^'^'-^^'Utj , g2{T) ^ ( r e^'^-^^^^UA . 

If min{A'^} > c, then the ratio ce'^'^ / gi{T) tends to zero as T ^> c«. Then after finding a T such 
that this ratio is less than 1/2 one gets p.l7p . The theorem is proved. 
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